The ladder operators for the Goldman and Krivchenkov anharmonic potential have been derived within the algebraic approach. The method is extended to include the rotating oscillator. The coherent states for the Goldman and Krivchenkov oscillator, which are the eigenstates of the annihilation operator and minimize the generalized position-momentum uncertainty relation, are constructed within the framework of supersymmetric quantum mechanics. The constructed ladder operators can be a useful tool in quantum chemistry computations of non-trivial matrix elements. In particular, they can be employed in molecular vibrational-rotational spectroscopy of diatomic molecules to compute transition energies and dipole matrix elements.
Introduction
Algebraic construction of coherent states and ladder operators for anharmonic oscillators, described by exactly solvable potentials, is one of the useful tasks to realize in the domain of quantum mechanics. The term coherent reflects the fact that such states are localized on the corresponding classical trajectory and don't change their functional form during propagation. Coherent states can be defined in three ways: (1) by means of a displacement oscillator acting on the ground state of an oscillator, (2) in terms of the eigenstates of an annihilation operator and (3) by the position and momentum of the minimum uncertainty states. It should be pointed out that the definition (1) depends on the analytical form of a displacement operator, which is specific to a harmonic oscillator [1] , hence in this case approximate coherent states can be constructed employing, for example, the Nieto and Simmons [2] or Kais and Levine [3] procedures.
The ladder operators can be constructed using the algebraic or supersymmetric (SUSY) approaches [4, 5] which have been successfully applied to the Morse, Pöschl-Teller, radial harmonic and other oscillators [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . The fundamental study in this direction was developed by Schrödinger [16] , who introduced the factorization method into quantum mechanics. This concept was generalized by Infeld and Hull [17] . In their paper a detailed analysis of the factorizable oscillators was presented. Recently, Dong et al. derived the raising and lowering operators for the Morse [18] , Pöschl-Teller [19] and pseudoharmonic oscillators [20] employing some properties of the associated Laguerre and Legandre polynomials. These operators satisfy the commutation relation for the SU(2) Lie group [21] . The Morse oscillator and others have been studied both in terms of SO(2,1) and SU(2) Lie groups. Also Avram and Drȃ . gȃ . nescu [22] have constructed the ladder operators for the Morse potential. They used properties of the confluent hypergeometric function in the recurrent analytic form. Recently, Dong et al. [23] proposed a new anharmonic oscillator in the form:
where μ, ω, α and β denote the reduced mass of a particle, the angular frequency and two dimensionless parameters, respectively. These authors presented the exact solutions of the Schrödinger equation with this oscillator. Moreover, in this study the ladder operators were constructed directly from the normalized radial function. Goldman and Krivchenkov introduced a simple anharmonic potential, which can be written in the following form [24] : 2) in which A, B are constants and r denotes the internuclear separation. The Goldman and Krivchenkov potential (G-K potential) is one of the few for which the Schrödinger equation has an exact analytical solution. This potential is a generalization of the ordinary harmonic oscillator in three dimensions, in which parameter A is a continuous parameter in the range [0, ∞] instead of the values determined by the rotational quantum number. The G-K oscillator is introduced for a description of the bond-stretching vibrations of diatomic molecules. Thus, this potential is a realistic zero-order model useful for description of anharmonic vibrations in diatomic molecules. The coherent states for the Morse potential have been constructed using different approaches. Perelomov [25] constructed the coherent states using the Lie group symmetry. Employing this approach, Dong [26] obtained the coherent states for the Morse potential basing on the SU(2) Lie algebra. Nieto and Simmons [27] proposed a new method for the construction of coherent states of arbitrary oscillators based on the classical equation of motion and applied it to the Morse oscillator. Benedict and Molnar [4] presented an algebraic method employing the SUSY ladder operators to the construction of the coherent states for the one-dimensional Morse oscillator. Moreover, they determined the unitary displacement operator, which generates coherent states from the ground states.
The study of the Barut-Girardello coherent states [28] has attracted much attention. These states can be assumed as eigenstates of the lowering operator of an arbitrary quantum system. Brief [29] considered the Barut-Girardello coherent states using the properties of the Lie algebra SU(1,1). However, it was Fakhri and Chenaghlou [30] who constructed these coherent states for the Morse oscillator as a linear combination of the quantum states corresponding to this potential. A generalization of the BarutGirardello approach was investigated by Gazeau and Klauder [31, 32] . Adopting this approach Popov [33] obtained Barut-Girardello coherent states for the Morse potential. Chenaghou and Fakhri [10] derived these coherent states for the Eckart and RosenMorse potentials.
The purpose of the present work is to construct the ladder operators and minimumuncertainty coherent states for the G-K oscillator and to generalize the approach to include the rotating G-K oscillator. The work is organized as follows. In the second section, we derive the ladder operators from the analytical wave function of the G-K oscillator. In the third part, this method is extended to include the rotating G-K oscillator. In the fourth chapter the coherent states and an isospectral potential of the G-K potential have been obtained using the SUSY approach. In the next section, we demonstrate that these coherent states minimize the generalized position-momentum uncertainty relation.
The derived ladder operators for the G-K anharmonic and the corresponding G-K rotating oscillator can be utilized in rotational-vibrational molecular spectroscopy of small diatomic molecules to compute matrix elements and rotational-vibrational transition probabilities in the electronic states of these molecules.
Ladder operators for the G-K oscillator with zero total angular momentum
In order to determine the ladder operators for the G-K potential we employ the algebraic method. The starting point for the realization of this aim is the vibrational Schrödinger equation with the G-K potential (1.2)
h 2 , and υ = 0, 1, 2, 3 . . . is the vibrational quantum number. Equation (2.1) has an exact analytical solution. In particular, the energy spectrum of the Schrödinger equation is given by Hall and Saad [24] 
The normalized solution of Eq. (2.1) takes the form [24] :
where F (a, b, x) stands for confluent hypergeometric (Kummer) function defined by the Gamma function
In wave function (2.4) (γ ) υ is the Pochhammer symbol defined by
The relation between the confluent hypergeometric function and the associated Laguerre polynomials can by written as
in which L m n (x) denotes the associated Laguerre polynomial:
Therefore, after changing the variable x = βr 2 , we can write the wave function (2.4) in the form
in which
The differential ladder operators can be constructed directly from the wave function (2.9). We look for the operators of the following representation:
These operators satisfy the following properties:
Then the raising and lowering operators can be constructed by taking advantage of the first derivatives of the associated Laguerre polynomials [34] 
Employing Eq. (2.13) and the result of the action of the differential operator d dx on the wave function (2.9) we get
After simple calculation, we finally obtain the following result: 16) where
. Hence, the lowering operator takes the following form: 17) whereas its coefficient is given by
The form of Eq. (2.17) clearly indicates that the lowering operator annihilates the vibrational ground state:
In a similar manner, we construct the raising operator. Using Eq. (2.14) and the result of the action of the differential operator d dx on the wave function (2.9) we get
A simple calculation provides the following result:
(2.21)
Hence, we obtain the following form of the raising operator: 22) which coefficient is given by
Ladder operators for the rotating G-K oscillator
The starting point for the derivation of the ladder operators for the rotating G-K oscillator is the rotational-vibrational Schrödinger equation with the rotating G-K potential [24] :
and J = 0, 1, 2… is the rotational quantum number. The analytical solution of Eq. (3.1) has the following form [24] :
Using the relation between the hypergeometric confluent function and associated Laguerre polynomial (2.8) we can rewrite the wave function (3.2) in the representation of a new variable x = βr 2 : 4) in which
The ladder operators for the rotating G-K oscillator can be constructed directly from the wave function (3.4) . To this aim, we are looking for the operators:
which satisfy the following relationships:
Using Eq. (2.13) and the result of the action of the differential operator d dx on the wave function (3.4) one gets
(3.8) After simple calculation, the lowering operator and its coefficient can be specified in the forms:
Additionally, one can show that this operator annihilates the vibrational ground state, which depends on the rotational quantum number:
In a similar manner one can construct the corresponding raising operator. Using Eq. (2.14) and the result of the action of the differential operator d dx on the wave function (3.4) one gets
In view of the above, the raising operator and its coefficient can be given in the forms:
Coherent states of the G-K oscillator
In this section we turn our attention towards the coherent states of the G-K potential.
Crucial for the realization of this aim is an assumption that the Hamiltonian can be factorized asĤ
in whicĥ
Here W 0 (r) is interpreted as a Witten superpotential [35, 36] , which satisfies the wellknow Riccati differential equation:
which is widely used in sypersymmetric quantum mechanics (SUSY QM) and permits a construction of the Schrödinger equation which has analytical solutions [37] . The explicit expression for the superpotential can be determined using the Darboux transformation. Hence, employing this approach, W 0 (r ) can be specified by a general formula:
in which (r ) 0 J denotes the vibrational ground state of the quantum system. Taking into account the wave function (3.2) in the arbitrary normalization one obtains [37] W 0 (r ) = −δ + 
Additionally, it can be shown that the operatorÂ annihilates the ground state. Therefore, the coherent state |α J of the rotating G-K oscillator is the eigenstate of the annihilation operator:
The method proposed also permits a derivation of the coherent states for the G-K oscillator with zero total angular momentum. Applying this procedure, after similar calculations, the normalized coherent states can be given in the form:
It is interesting to note that the isospectral partner potential V D (r ) (Darboux potential) associated with the three-dimensional rotating G-K potential satisfies the following equation:
Using Eq. (4.5) one gets the Darboux potential:
The ground state solution associated with the standard Darboux potential can be generated from the following relationship [14] :
Hence, the ground state wave function can be specified by a general formula:
Minimum uncertainty coherent states
It is easy to demonstrate that the coherent states |α J minimize the generalized position-momentum uncertainty relation (h = 1) [14] : 
In the next step we can calculate the matrix elements:
applying the following operator relation: 10) providing that y(r ) = p and
The simple calculations performed reveal that the obtained coherent states minimize the generalized position-momentum uncertainty relation for the G-K anharmonic coordinate y(r ) and that they are the eigenstates of the operatorÂ, which annihilates the vibrational ground stateÂ |0J = 0. Therefore, they satisfy the two fundamental requirements established for the coherent states of an anharmonic oscillator. Some similar minimum-uncertainty coherent states have been recently derived algebraically by Molski [38] and Mikulski et al. [39] .
The integral on the right-hand side of the relation (5.11) can be calculated using the well-known formula:
and the integral representation of the Laguerre function. The starting point for the realization of this aim is the calculation of the normalization constant of |α J (4.7):
After simple calculations we obtain the normalization constant in the following form:
2 sin (δπ)
2β sin (δπ) 14) in which L (a, b, x) denotes the Laguerre function. In this way we obtain the following result: 15) in which
Basing on the result (5.11) we can finally write
It should be also pointed out that the states |α minimize the generalized positionmomentum uncertainty relation (5.1) yielding 
. Proceeding along the lines of the previous calculation one may solve the integral on the right-hand side of the relation (5.18) yielding (5.20) in which
2 sin (γ π) In the next study we will derive the dynamical symmetry group to show that these ladder operators satisfy SU(1,1) Lie group. Moreover, in the next paper we will show relevant applications of the ladder operators and coherent states derived in quantum chemistry computations. In particular, we will analytically compute the matrix elements for the vibrational and rotational-vibrational transitions in several diatomic molecules.
Conclusions
In this work the ladder operators for the G-K potential have been constructed by a simple algebraic procedure that had been applied by Dong et al. [18] to the Morse potential. These operators have been obtained directly from the analytical eigenfunc-tion of the Schrödinger equation for the G-K oscillator. Also in this study the coherent states of the G-K potential and the associated Darboux potential have been constructed using the SUSY quantum mechanics method. It has been proved that these states minimize the generalized position-momentum uncertainty relation. We hope that the ladder operators constructed will be applied by other researchers to compute transition matrix elements in theoretical spectroscopy of diatomic molecules.
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